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The problem of determining the contours of a finite number of holes of equal
strength in a statically loaded plane under the condition that the given normal
stresses on the outline of each hole take on constant but distinct values is con -
sidered, The problem is converted by a method analogous to that used for the
case of an identical load on the whole domain boundary [1], into a regular in-
tegral equation which is solved effectively on an electronic computer, while a
closed solution is obtained for certain cases, A plane with one hole under an
arbitrary load is also considered, Numerical examples are given, An assertion
formulated in {2] about the property of greatest strength of contours of equai
strength is proved,

Let § denote the plane of the complex variable z under consideration which
has n holes, Let the function @g (£) == C{ + © (I) map the canonical domain F
of the variable { conformally on S with the infinitely remote points in correspon -
dence; @ ({) is holomorphic in F and bounded at infinity, A plane with n circular
holes is selected as F (with n parallel slits in [2]),The boundary conditions of the
first boundary value problem in the transformed domain become

o, + 0s = 4 Re (D (E)) (6)]
o 20— ,
00 — 0, 20ty = = (e V' §) + oy ) @) P
Tk O(EJ)
E’ELK" k=1,...,n

where O, Oy Ty are stress components in a polar coordinate system with pole at the
point @; , which is the center of the circle Ly of radius 755 Or and Tr® are given,
The functions @ ({) and¥ ({)which are holomorphic in F have the following asymp-
totic at infinity

@ (c) = b + 0 (C—2)1 b= 1/4 (me‘;‘ U;zm)
V() =a+0(?), a="1(0,>— 0> + it~

(0., 0,°, T is a given uniform stress field).

The following theorem is formulated without proof in [27]:forG, = p we const
the stress oy = 4b— p is a minimum on the contours of equal strength as compared
with the maximum quantity Oy on any other hole contours,

The proof results from the following assertion,

If a real function u (L) which is not a constant and is harmonic in a plane
with a finite number of arbitrary smooth holes, tends to a definite limit A at infinity,
then the inequality

min (u (§)) < A <max(u (§)), t=L (3)
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is valid on the hole boundary L
Indeed, let the left'side of (3), $ay, not be satisfied, i.e. u ({) 2> A4 forall

£ = L. Then by the property of the extremum of harmonic functions u (L) > 4
at all points of the domain, in particular, on a circle ¥ of sufficiently large radius
R which contains all the holes, By the theorem of the mean applied to y ({) in the

exterior of Y, we have 1 ¢
Y
In combination with the inequality & (§) > A we obtain u ({) = A on Yfrom
which it follows that u ({) = 4 outside ¥y, meaning everywhere in the domain,
which is a contradiction, Analogously for the right side in (3). Applying the assertion
proved to the function Re @ ({), we obtain from (1) for 0, = P

min (0 (§)) + p < 4b<max (6 (§)) +p, E&L
from which it follows that either max | 0y (§) | > 0,* 4 0, — po @ ({)is constant
inFIn this latter case the contours are of equal strength 0y (§)= 0,4+ 0, — pon [,
The property mentioned of the greatest strength of equal strength contours holds
for n =1 even in the case of an arbitrary static load G» = O (&), =0 = T (§),
as follows from the relationship (1), integrated with respect to @
on
{00+ 0,) 0 = 2n (03 +07)
0

Hence we have
max | oy () | > 0,° + 0, — (0>

Equality is achieved at each point only on a contour of equal strength.
To find the contour shape, let usset a; = 0, r= 1 and let us rewrite (2)
in the form

(@, B @ (B) + 0, ()Y (5) =By (&) (00 — 6, + 2it,0) 2

Following [3], we use the boundary condition (4) on a circle to solve the direct problem,
the determination of Oe (§) by means of a given w, (£) by reducing it to a degenerate
singular equation, and then to an infinite algebraic system

Amyo — h‘% (m—Fk 4 1)(—«1_71’L—k+1ak — (m + 1) Z Fm+k+1zk = A,
m=0,12... i

where {4} and {C}are known but {a} are unknown coefficients of the expansions

, 3 - (5)
0, + Op = Z‘l apkh, a_yp = ay

w0(0) = CL+ 3 O (©)

- Ezmol (E) (Gr 'JI_ itre) = _ZOJO Akgk (7)
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If the coefficients interchange roles, we obtain an algebraicsystem to deter -
mine ® (&) for an appropriate renumbering,
Let us examine an example, Let the load 0™ = Uuw =1° =1,9=0, Or
= 1 — cos 20, be given, then Op = —1 on the contour of equal strength, Hence
ay == a_, = 4 in their expansion (5). The remaining e, are zero and the mat-
rix of the system becomes tridiagonal
4C; — 5Cg = —1
2k — 1)Cop_y — 4 2k + 1)Coyyy + 2k + 5)Cypy =0

The system was solved numerically, The order was chosen equal to 1000. The
shape of the contour of equal strength {a) and the shape of the load (b) are presented
in Fig, 1, y

o

N \ |

0 05 7
Fig, 1
Let us turn to a multiply connected domain, Considering (1) in the case of a
load variable in § as a Dirichlet problem with respect to the real part of the function
@ (L) — 4b holomorphic in F (which decreases at infinity, we conclude that for
given O, and 4 the stresses O (&) should satisfy known orthogonality conditions (4).
In particular, the problem is solvable if oy (&) takes on constant but generally dif -
ferent values on each contour L, (modified Dirichlet problem [4]). We shall also
call the appropriate contours of equal strength, Whether they exist or not depends on
the solvability of the one-sided boundary value problems (2) with the condition con -
taning the derivatives

“Z_
€y

A OFO+2H OV O+ @ =0  ®
9E r,2
& T T (&—kak)2 » S

My = Yp (08 — O, + 2itr)
Condition (8) simplifies in a case of practical importance and the problem is
solved completely, Namely, let
o B =py, W @E =0 tc Ly, k=1,2; ..., n
Then s (§) = 0x* + 0,™ — Py should hold on the contours of equal strength, hence
@’ () =0 in F and(8) becomes

H' () 4 h e T (B = Chy

_
E—a P

H' (§) = o' (§) (¥ (§) — a), A = Y5 (00 — px)

Ca (9)
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Let us assume that all the Ay are not zero; H' (£) and o' ({) belong to a class P
of functions holomorphic in # and continuous to L, If the additional condition that
they are derivatives of functions from P is discarded, then (9) is a particular case of
the problem studied [5] for a finite {n 4+ 1) -connected domain: Find the pair of
functions f () and g (¢) from P by means of the boundary condition

FE)+v(E) g€ =h(E)

where v (E) andh (E)given on L are Holder continuous, and v (§)does not vanish any-
where, First establishing that every solution (10) from P is also Hélder continuous on
L under these conditions, the author of (5) reduces (10) éo an equivalent system of
singular integral equations of normal type by representing f (). and g (¥) by Cauchy
type integrals with real densities, )
The adjoint system hence tumns out to be related to the conjugate problem
(s is the arclength of the contour )

hE -+ @ (S a® =0

The difference between the numbers [ and [, of the solutions of the homogeneous

problems (10) and (11), which are linearly independent over the field of real numbers,

equals 2m— 2(n — 1),where m s the indev of the function v (§) on L , For a plane

with 7 holes,(n — 1)should be replaced by 7, if a decrease at infinity is required of
7 (L)and g (1)

According to what has been proved H ({) and o’ (g} in (9) possess first deri -
vatives whose boundary values on / are Holder continuous, Hence using the I, N,
Vekua [4] integral representation for H and @ we obtain that the conjugate prob-
lem to (9) has the form

(10)

(iv

F\2__ (12)
P &)+ le(g—f) 7@ =0

where [’ and [," are the numbers of linearly independent solutions of the homo -
geneous problems (9) and (12) connected by the relationship [," — (" = 2n.
The identity and condition
98 % \?
(aa)r'(W)’ EESL; M#0, Imh=0 (13)
were used in deducing (12).
When p (§) = A, on Ly the problems(11) and (12) coincide, hence,
I, = l,meaning [’ — ] but the homogeneous problem (10) has only a zero sol -
ution, In fact, it follows from (1) that Re (if (§) g (§)) = 0 on L from which
(@) =g(t) =0 in F. Therefore, I’ is also zero,
Let us integrate (9) with respect to
S Cr, 2}, (14)
kM '
HE) + Mo@E) —dg=— Ea, Caf
(dy are constants of integration ), For a zero right side, the problem (14) has only a
zero solution in the class of holomorphic functions together with Holder-continuous
first derivatives on L, as has been proved: hence, all the dr = 0.
To seek® (Chn fact, let us assume by using the D, I, Sherman method [%7
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1 u
HE) =5 72 dt, dy={u@as (15)
L Ly
1 Y u (E)
wl) =55 m;?a) % S =ld|
k=1 Ly

The functions [ (Z) and ¢ (L) will possess the required boundary properties if it
is assumed that the function g’ (%)given on L is continuous and & (§) is integrable[4 ].
Substituting (15) into (14 ) and using Sokhotskii formula, we obtain

1 _¥, -
u(§o)+—%—i§u(§)dln(—;_—&am—+ Xu(g)ds - (16)

—Ey Ly

r.. A
c( B Lak); o =MAY, Ee Ly Bl

& — 2%
Equation (16) is regular by construction [6]. It is always solvable uniquely i.e., the
corresponding homogeneous equation is not solvable,

In fact, let*uo (§) denote the solution of the homogeneous equation, The
functions H, ({) and @, (}) constructed by using (15) and the solution will satisfy
the boundary condition (10) with zero right side, and therefore, are zero in F. There
hence results that u, (§) and g (E) / As, meaning,u, (¢)also, are boundary values of
functions iolomorphic in n simply-connected domains bounded by circles Ly, hence
uy (E) reduces to a constant on each contour, Finally, using the equality di° = 0 we
find that these constants are also zero.

The solution (16 ) by least squares, by means of the correspondingly compli -
cated formulas in [1], was carried out numerically, The solid lines in Fig, 2 show
the system of contours of equal strengths for the following data:

n=4 a = —as=11, a,= —ar=1i
rk=0.7, Ek=1,...,4

0;° =0,"=1°=0, 10=0
pp=ps=—1, pp=p.=1

If the geometric properties of the domain § are such that it is mapped uni-
valently on a plane with slits along one line, then the problem sometimes admits of
solution by quadratures.

Let us consider an example, Let a plane with three holes be mapped on a plane
with slits along the real axis (—vs, —Vv1), (—1,1) and (v1; V5), 1 < v; < v, {symmetric
case), Let o denote the middle slit and %, L, the outer slits, We assume that the
only nonzero component on lo is 0, = 1 while Or = —1 on 4,. Then 0y =
— O, Ay = —1, A,, = 1. The functions «’ () and H’ ({) have power-law singu -
larities in the order of, ¥/, at the ends of the slits, and are bounded in the rest of the
plane [2]. On the real axis 4% /9t = 1. By separating real and imaginary parts the
boundary value problem (9) is reduced to two mixed problems of the theory of holo -
morphic functions [4 ] (the variable £ is real)
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Fig, 2

ReP () =0. t=ly; MmPE =0, [E]>1

P(L)=H' (D) + & (D)

ReQ &) =0, vy<|E]<w,

mQE =0 [E]>wv, [El<w

Q) =H (D) — o (D
whose solution in the mentioned class is found by the formulas of M, V, Keldysh-
L. I, Sedov [4] with the asymptotics taken into account

Cal + 4, I
=Y Oy meae

Integrating, we obtain the equation of the contours in Cartesian coordinates [7] (for
>0 and ¥ > 0).
For the central contour
Cy d,
x::-é-;;[(avg— ')i (@, k) — av,E (g, Jt)}

Va

_ . & Vi
cp_.arcsm*vx—, B —-»-—-—»Vi — &, dy =10

For the right side contour

Ty == Ty +~-—~V€2—i

o dy N
v =g [ B () — B (@, ) — S (K (k) —F (9.5

. v2_&2 ]
@zarcsm]/*T——— k1=}/1_7’§

Vol — vy? ? :
C - d.
2o = 3 [VIF=TH (w2 ) K ) — B 0

Here F, £ are elliptic integrals (K, E are the complete elliptic integrals )
of the first and second kinds,
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By virtue of symmetry, d, is determined from the condition :y = Ofor £ = ,.
We obfain dz — ngE (kl) /K (kl)

Analogous computations for two holes under a constant load are performed in
[2]. The dashed lines in Fig. 2 present the contour shapes for Vi = 1.1, v, = 2.1,
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